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1. Introduction

It’s well known since Westerståhl (1985:403) that the vague quantifiers many/few can be three-
way ambiguous between cardinal, proportional, and relative proportional readings (Partee
1989; Herburger 1997), given a contextual threshold (n):

(1) a. Many [S Scandinavians] [N have won the Nobel Prize in literature].
ù |SX N| ě n (cardinal)
ù |S X N|{|S| ě n (proportional)

b. Many [S ScandinaviansF] [N have won the Nobel Prize in literature].
ù |S X N|{|N| ě n (relative proportional)

More recently, it’s observed that precise proportional quantifiers (relative measures, RMs) are
also amenable to a non-conservative reading (following Ahn & Sauerland 2015a,b, 2017):

(2) a. The fruit supplier sold 60% of the olives.
b. The fruit supplier sold 60% olivesF.

With the removal of (overt) partitive material and the addition of focus-marking on the
substance noun (olives), (2b) yields a high-scope reading.

Descriptively, (2b) asserts that, out of all things a particular fruit supplier bought (restrictor),
60% are olives (scope). We might visualize the state of affairs of one sentence versus the
other as follows:

(3) a. 60% of the olives
‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚

b. 60% olivesF

‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ▲
♦ ▲ ▲ ♦ ■

The high-level focus of this talk is to look at what happens when we modify RM expressions
(4). We will consider interactions between non-conservative RMs and numeral modifiers,
particularly those which may implicate other degree-related, scope-bearing elements.

(4) a. The university accepted between 20 and 30% transferF students.
b. The veterinarian’s office saw up to 20% dogsF in their weekly appointments.
c. The soda contains as much as 40% sugarF.

The main puzzle under discussion is the ability for a modified non-conservative RM to par-
ticipate in cumulative readings — under which (5) is true just in case . . .

• The total number of interviewing recruiters is 2, and

• The total proportion of women interviewed by recruiters, out of all interviewees, is 60%.

(5) [Exactly two recruiters] interviewed [exactly 60% womenF].

We’ll draw on an ontology of negative entities (Bledin 2024; Elliott 2024) to enforce the
cumulative reading. This will allow us to preserve an intuitively scope-taking account of RM
phrases as degree quantifiers, while also ruling out pseudo-cumulativity. Four points will be
covered along the way:

• Point 1: Can a degree-quantificational semantics for RMs get us a cumulative reading?
ù Yes! (by way of ‘polarizing’ entities, Bledin 2024; Elliott 2024)

• Point 2: Can the same semantics also get us narrow scope for unmodified RMs?
ù Yes! (by way of degree pluralities, Dotlačil & Nouwen 2016; Li 2022)

• Point 3: Will RMs without non-monotone modifiers be accounted for too?
ù Yes! (we’ll look at quantity equatives, Rett 2015)

• Point 4: Do we cover empirical ground by polarizing degree pluralities too?
ù No! (I suggest that degree negation may be problematic to implement)

The primary items are Points 1 and 2, which we proceed to tackle first.
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a ␣a b ␣b

a‘␣a a‘ b ␣a‘ b ␣a‘␣ba‘␣b b‘␣b

a‘␣a‘ b a‘␣a‘␣b a‘ b‘␣b ␣a‘ b‘␣b

a‘␣a‘ b‘␣b

Figure 1: Summation over four atoms — fta,␣a, b,␣bu

2. Negation and pluralities

Bledin (2024) observes that some expressions intuitively seem to express individual exclusion
or non-participation (6). Accordingly, this is used as motivation to implement the availability
of negation at the level of entities and their pluralities.

(6) a. J[Not Anne but Brooke]K « ␣Anne‘Brooke
b. J[Neither New York nor Los Angeles]K « ␣NY‘␣LA
c. J[Ringo and no one else]K « Ringo‘␣Paul‘␣John‘ . . .

While I won’t spend time recapitulating arguments for the existence of entity negation per
se, adopting this ontological upgrade will be useful for specifying the absence of individuals.1

Elliott (2024) picks up this proposal to develop a candidate theory of modified numerals and
the semantics of zero, based on enriched sets of pluralities.

Extending his analysis, I start by setting up a revised version of predicate cumulation (7),
assuming that entity negation applies over all atoms of the domain of entities De.2

(7) a. ˚P “ minĎtP1 | P Ď P1 ^@x, y P P1rx‘ y P P1su

b. fP “ ˚P z tX P ˚P | Dx Ď Xr␣x Ď Xsu

Figure 1 depicts such an example. We obtain the smallest sum-closed superset of P, minus
1We may conceptualize entity negation as something akin to exact falsification for entities, in the context of a

truthmaker semantics (Fine 2017, et seq.; Elliott 2020; Moltmann 2020). For Bledin’s (2024) unilateral system, it
is roughly a means of tracking participation in eventualities through the compositional process.

2(7a) is one of multiple ways to define Link’s (1983) star operator (Champollion & Krifka 2016).

combinations including an atom and its negative counterpart (‘incoherence’, Elliott 2024).

It follows that the conventional denotation of a plural noun, e.g., (8), will include negative,
non-negative, and mixed polarity sums.3 If parthood (subsethood) and summation (union) are
themselves set-based, | ¨ |` counts non-negative atoms (e.g., |x|` “ 2 for x “ a‘ b‘␣c).

(8) a. JolivesK “ λx.folive x Se
b. Jone oliveK “ λx.folive x^ |x|` ě 1 ù ta, b, c, a‘ b, a‘␣b, . . .u
c. Jtwo olivesK “ λx.folive x^ |x|` ě 2 ù ta‘ b, . . . , a‘ b‘␣c, . . .u

Composing a mixed-polarity predicate with a numeral n gives the set of relevant entities
with at least n-many non-negative atoms.

Since predicates will generally no longer have unique maximal pluralities (recall Fig. 1), the
parthood maximum operator maxĎ yields a set (9).

(9) a. maxĎ :“ λPλx.P x^␣DyrP y^ x Ă ys SeÑ Se
b. maxĎpta,␣auq “ ta,␣au (multiple parthood maxima)

3. Interpreting proportions

With a basic sketch of pluralities, we can return to a semantics for proportions. The broad
consensus is that RM nouns such as percent (10) quantify over degrees or indviduals (Ahn
& Sauerland 2017; Pasternak & Sauerland 2022; Spathas 2022; a.o.).

(10) a. The fruit supplier sold 60% olivesF (repeated from (2b))
b. 60%p λd (the fruit supplier sold d-olivesF))

Following Dotlačil & Nouwen (2016) and Li (2022), however, I’ll assume, in addition to
a quantificational analysis of percent (11), that the domain of degrees is pluralized just as
entities are. minĎ (12) returns the unique minimum degree from an input predicate of atoms
and/or pluralities.

(11) JpercentK “ λdλD.
minĎ D

minĎpdom Dq
ě

d
100

dÑ SdÑ t

(12) minĎ :“ λDιd.D d^␣Dd1rD d1 ^ d1 Ă ds SdÑ d
(13) JsizeK :“ λdλx.|x|` Ď d dÑ Se

To mesh a degree denotation for numerals with their intersective meaning from (8), I’ll
3For an atomic type α, Sα is simply shorthand for the corresponding set type α Ñ t. Types and meta-language

expressions are recorded in sans serif. FA is left-associative, and type complexity right-associative by default.
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assume a type-shifter from the former to the latter (13). I notate our version as size, though
it goes under different guises (see Bylinina & Nouwen 2020 for an overview).

We’ll also need to revise our original understanding of numerals and gradability:

(14) a. JtallK “ λdλx.µheight x Ď d (Dotlačil & Nouwen 2016)
b. JsizeKpJtwoKqpJolivesKq “ λx.folive x^ |x|` Ď 2 (cf. (8c))

For the degree quantifier 60%, attempting to compose with a gradable predicate will fail.

The natural solution is for the RM phrase to occupy a higher scope and abstract over the
degree argument (15)-(16).4 The substance noun is shifted to a gradable denotation with a
version of the off-the-shelf measure operator from, e.g., Rett (2014), Solt (2015).

(15) MeasP :: Se
λx.folive x^ µ x Ď 2

d λdλx.folive x^ µ x Ď d

meas olivesF

(16) S1 :: t
minĎ JSK

minĎpdom JSKq ě 60
100

60% S :: Sd
λd.Dxrfolive x ^

µ x Ď d^ sell x Aldis

For count nouns, the contextual measure function µ will amount to the non-negative cardi-
nality function from earlier.5 The subject is swapped with a proper name for simplicity. (16)
is true just in case . . .

(17)
minpλd.Dxrfolive x ^ |x|` Ď d^ buy x Aldisq

minpdompλd.Dxrfolive x ^ |x|` Ď d^ buy x Aldisqq
ě

60
100

4. Modification and scopal interactions

We move now to the observation of cumulativity that our machinery has built up to. (18)
is true just in case the maximum number of interviewing recruiters is 2, and the maximum
proportion of women interviewed by recruiters (out of all interviewees) is 60% (19).

(18) Exactly two recruiters interviewed exactly 60% womenF (between them).

4Accessing Roothian focus alternatives to the substance noun will allow for the denominator to make reference
to a domain larger than the noun itself. See Pasternak & Sauerland (2022:257–261) for discussion.

5Another strategy for measuring cardinality would be to gather the non-negative subparts (if any) first, and then
feed them as a set or distinct sum to a non-polarity-specific | ¨ |.

(19) a. ex. two recruiters
‚ ‚

b. exactly 60% womenF

‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ▲
♦ ▲ ♦ ▲ ♦

The cumulative intuition does not fall out from the assumption that the modified numeral is
existential (since (18) is false when there are more than two recruiters).

The challenge is, additionally, how to prevent the sentence from yielding truth when there
are multiple different combinations of recruiters each with a 60%-40% split.

We’ve arrived at ‘van Benthem’s puzzle’ (van Benthem 1986; Krifka 1999; Brasoveanu 2013;
Charlow 2021; a.o.). RMs serve as a useful window into this problem, given vague quantifiers
cannot be used in modified-numeral constructions (20).

(20) *{exactly, up to, at most, . . .} many/few recruiters . . .

With negation over atoms, we obtain a straightforward understanding of modified numerals
— exactly two recruiters denotes the set of pluralities with (i) two non-negative atoms and
(ii) negative values for all other recruiters:

(21) tAnne‘Brooke‘␣Claire,Anne‘␣Brooke‘Claire,␣Anne‘Brooke‘Claireu

Hence, we get the intuition (22) that exactly n x’s implies every other x didn’t participate.

(22) a. A: Exactly two students came to the talk, Ann and Brooke.
b. B: # Who else showed up? or
c. B: # Did Claire show up? or
d. . . .

The modifier introduces a parthood maximality condition on the entities of a gradable pred-
icate and requires the non-negative cardinality of those entities to be of a certain degree.6

(23) JexactlyKpJtwoKq
“ λAλx.x P maxĎpA 2q ^maxďpλd.A d xq Ď 2 (dÑ Se)Ñ Se

The operator for scalar maximum selects from atoms (24) (Heim 2000; Buccola & Spector
2016), so the degree conjunct in the modifier expresses equality.

(24) JmaxďK :“ λDatomsιd.D d ^ @d1rD d1 Ñ d1 ď ds

6Elliott (2024) assumes that plural nouns automatically include only the maximal pluralities. By contrast, I’ll
encode this into the semantics of exactly, rather than try to generalize to plural nouns.
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t

SdÑ t

60 percent

Sd

λd t

SeÑ t

Se

exactly 2 dÑ Se

meas recruiters

Se

λy t

SeÑ t

Se

exactly-d dÑ Se

meas womenF

Se

λx ˚˚interview x y

Figure 2: Scoping a modified proportion

Applying (23) to the gradable predicate successfully yields the set of maximal recruiter plu-
ralities of size two:

(25) JexactlyKpJtwoKqpJmeas recruitersKq
“ λx.x P maxĎpmeas frecruiter 2

loooooooooomoooooooooon

λy.frecruiter y^µ y Ď 2

q ^maxďpλd.meas frecruiter d x
loooooooooooomoooooooooooon

frecruiter x ^ µ x Ď d

q Ď 2

We can extend the same idea to the modified proportion, where the size restriction of the
pluralities is abstracted over by the degree quantifier:

(26) 60% λd [ . . . ex. two recruiters [ . . . ex.-d womenF]]

The resulting structure is Figure 2, where the arguments are lifted to scope-takers (27a).

E (27b) is the canonical type-shifter from predicates to quantifiers introducing existential
force (following Partee 1987).

(27) a. EpJexactly two recruitersKq “ λQ.DxrJp25qK x^Q xs
b. E :“ λPλQ.DxrP x^Q xs. SeÑ SeÑ t

˚˚ is the relational cumulation operator (Sternefeld 1998; Beck & Sauerland 2000; Dotlačil
& Nouwen 2016) (28), but I’ll assume a polarized version (see Elliott 2024) such that no
negative atoms participate.

(28) ˚˚R “
minĎtR1 | R Ď R1^@x, x1, y, y1rxx, x1y, xy, y1y P ˚˚R Ñ xx‘ y, x1‘ y1y P ˚˚Rsu

The bottom of the LF corresponding to Figure 2, for instance, is given in (29) below. Roughly,
we obtain truth just in case there exists a maximal plurality of women of non-negative size d
that was interviewed by some y.

(29) ¨ ¨ ¨

¨ ¨ ¨ Dxrpλx.x P maxĎpmeas fwoman dq ^
maxďpλd1.meas fwoman d1 xq Ď dqpxq ^

pλx.˚˚interview x yqpxqs

E
´

λx.x P maxĎpmeas fwoman dq ^

maxďpλd1.meas fwoman d1 xq Ď d
¯

exactly-d
meas womenF

λx.˚˚interview x y

λx ˚˚interview x y

The y variable is bound by the recruiters quantifier, and the d variable by 60%.

The resulting meaning at the level of recruiters quantifier will yield truth just in case there
exists a maximal plurality y of recruiters of (non-negative) size 2, and y interviewed exactly
d womenF (i.e., (29)).
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(30) ¨ ¨ ¨

¨ ¨ ¨ Dyrpλx.x P maxĎpmeas frecruiter 2q ^
maxďpλd1.meas frecruiter d1 xq Ď 2qpyq ^

pλy.J(29)Kqpyqs

E
´

λx.x P maxĎpmeas frecruiter 2q ^

maxďpλd1.meas frecruiter d1 xq Ď 2
¯

exactly 2
meas recruiters

λy.J(29)K
λy J(29)K

The RM phrase takes the degree predicate of (30) as its argument (31).

(31)
minĎ λd.Dyr . . . s

minĎpdom λd.Dyr . . . sq
ě

60
100

60% λd.Dyrpλx.x P maxĎpmeas frecruiter 2q ^
maxďpλd1.meas frecruiter d1 xq Ď 2qpyq ^

pλy.J(29)Kqpyqs
λd J(30)K

With modifiers that aren’t non-monotone, such as (32a), we likewise gather an accurate result.

(32) a. Fanta contains as much as 40% sugarF.
b. 40%p λd pFanta contains as much as d-meas sugarFqq.

In terms of the semantics, the modification in (32a) with the equative will yield the same
truth conditions as the measure phrase without modification.

Following Rett (2010, 2015, 2020), the equative operator is quantificational, as in (33).

(33) Adapted from Rett (2015:447–449)
a. Danny Gibbons is as tall as 6132.

ù maxďpλd.tallpDannyqpdqq ě 6132

ù maxďpλd.tallpDannyqpdqq “ 6132 (implicature strengthening)
b. JasK “ λD1λD.maxď D ě maxď D1

With the RM phrase still undergoing QR, the degree variable is vacuously enforced as the
lower bound to the equative operator. Both operators can take scope (34). The denotation for
the quantity adjective is pulled from Coppock & Bogal-Allbritten (2018).

(34) a. 30% λd1 . . . [as much as-d1] λd2 . . . d2´meas sugarF

b. MeasP

DegP :: D
λD.maxď D ě maxďpλd1.µ d1“ dq

as QP :: d Ñ t
λd1.µ d1“ d

much as d

meas sugarF

5. Narrow scope and degree pluralities

The empirical facts for RM constructions differ cross-linguistically. In Korean, non-
conservative RMs may be adnominal floating quantifiers (Ahn & Ko 2022), and, in German
and Bulgarian, they may rely on structural height instead of focus (Gehrke & Wągiel 2023).

A crucial observation for our purposes is that, in Mandarin, RM phrases are observed to
uniformly scope under negation and intensional operators (Li 2022), as in (35)-(36).7

(35) Huawei
Huawei

meiyou
not

gu
hire

[70%
70%

de
DE

bendi-renF].
local-people

a. ‘It’s not the case that 70% of Huawei’s employees were locals’
b. #‘70% of the people that Huawei didn’t hire were locals’

(Li 2022:7,21)

7Li (2022) does not report data on any scopal facts for modified RMs in Mandarin, instead only for bare RMs.
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(36) Huawei
Huawei

xiang
want

zhao
recruit

[sanfenzhiyi
one.third

de
DE

ruanjianF
software

gongchengshi].
engineers]

a. ‘For all worlds w compatible with Huawei’s desire in the actual world w0,
Huawei recruiters one-third softwareF engineers in w.’

b. #‘For a group of people X such that, for all worlds w compatible with Huawei’s
desire in the actual world w0, Huawei recruits X in w0. One-third of X are
sofwareF engineers.’

(Li 2022:23)

Indeed, this is also the case for English (37).

(37) A company has a quota requiring some of its workforce to be locally sourced.
a. The company didn’t hire 30% localsF. ␣ ą %
b. The company must hire 30% localsF. l ą %
c. The company might’ve hired 30% localsF. ♢ ą %

I’ll follow a solution for narrow scope that leverages the fact that division over degrees is
undefined for pluralities.

For (36b), the RM phrase taking scope over the intensional universal quantifier want means
the resulting numerator is the minimum degree plurality across possible worlds (Li 2022):

(38)
minĎpλd.JHuawei wants to recruit d-meas softwareF engineersKq

minĎpdompλd.JHuawei wants to recruit . . .Kqq ě
1
3

If the size of hired recruiter pluralities differs from one world to the next, the parthood mini-
mum will itself be a plurality:

(39)
dw1 ‘ dw2 ‘ dw3 ‘ . . .

. . .
ě

1
3

Hence, the RM expression must take narrow scope. To enforce this, I’ll first follow Buccola
& Spector (2016), who assume that modified numerals denote intensional operators, by
revising our denotation of percent to instead compose with the intension of a degree predicate.

Intensional FA (IFA) proceeds as in (40), adapted from Buccola & Spector (2016:183).

(40) α :: τJβKwpλw1.JγKw1
q

β :: ps Ñ σq Ñ τ γ :: σ

Definitions are otherwise preserved, so long as the world of evaluation is parameterized:

(41) Jtwo meas recruitersKw “ λx.frecruiter w x^ µ x Ď 2

To ensure a meaning still obtains, but only with narrow scope, percent denotes a func-
tion of type dÑ (sÑ Sd)Ñ t, defined only over atomic degrees across possible worlds (42).

The partial operator B is used to allow for straightforward multi-part presuppositions (Cop-
pock & Beaver 2015; Coppock 2022; a.o.), since we’ll need to quantify over worlds and apply
them to the predicate in our revised denotation:

(42) J60 percentKw

“ λD.Bp@w1ratompminĎpD w1qqsq ^
minĎpD wq

minĎpdompD wqq
ě

60
100

There are two discussion items I’ll set aside for another time.

§ Atomic negation for marking degrees too?

We may consider the possibility of polarizing degrees in a similar way to entities. Some first-
passes would be via corrective-but (43a)-(43b) or neither-expressions (43c).

(43) a. The company hired not 40 but 50% womenF.
b. Anne is as tall as not 5 but 6 feet.
c. Neither 5 nor 10 students passed the exam.

The hurdle for this would be figuring out the non-monotonic interpretation of (at least) the
first of the two degrees. Moreover, if we say atomic negation isn’t at play, the assumption in
the literature that 6 feet denotes a degree (recall also (33)) may need to be revised for (43b).

§ Hesitations for degree quantifiers scoping over generalized quantifiers.

It’s clear that our assumptions for percent seemed to have set aside the Heim-Kennedy
Generalization (HKG) — i.e., that degree quantifiers cannot outscope e-type quantifiers
(Kennedy 1997; Heim 2000).

In response to this objection, I believe it’s worth noting that this concern crucially depends on
what definition of the HKG we’re considering. Our working analysis not violate, for instance,
the HKG variant suggested by Crnič (2017) (44a), if we liken exactly to Crnič’s SHIFT operator
defined in (44b).

(44) a. Modified HKG: If the scope of an e-type quantifier contains the trace d of a
degree quantifier, d must be an argument to SHIFT.

b. JSHIFTK:“ λdλAλx.maxďpλd1.A d1 xq Ď d dÑ (dÑ Se)Ñ Se
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6. Recap

In this talk, we’ve taken a first stab at the meaning and composition of modified proportions.
To provide an account, a degree-quantificational semantics for non-conservative relative mea-
surement (Pasternak & Sauerland 2022; Li 2022) is combined with an approach to pluralities
using atomic negation over individuals (Bledin 2024; Elliott 2024).
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